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The second-order vector mode is inevitably induced from the coupling of first-order scalar modes
in cosmological perturbation theory and might hinder a possible detection of primordial gravitational
waves from inflation through 21cm lensing observations. Here, we investigate the weak lensing signal
in 21cm photons emitted by neutral hydrogen atoms in the dark ages induced by the second-order
vector mode by decomposing the deflection angle of the 21cm lensing signal into the gradient and
curl modes. The curl mode is a good tracer of the cosmological vector and tensor modes since
the scalar mode does not induce the curl one. By comparing angular power spectra of the 21cm
lensing curl mode induced by the second-order vector mode and primordial gravitational waves
whose amplitude is parametrized by the tensor-to-scalar ratio r, we find that the 21cm curl mode
from the second-order vector mode dominates over that from primordial gravitational waves on
almost all scales if r . 10−5. If we use the multipoles of the power spectrum up to ℓmax = 10
5
and 106 in reconstructing the curl mode from 21cm temperature maps, the signal-to-noise ratios of
the 21cm curl mode from the second-order vector mode achieve S/N ≈ 0.46 and 73, respectively.
Observation of 21cm radiation is, in principle, a powerful tool to explore not only the tensor mode
but also the cosmological vector mode.
I. INTRODUCTION
Recent development of cosmological observations plays an important role in establishing standard cosmology,
namely, the ΛCDM model. In the current states of observations of cosmological perturbations, for example, we
have detected the cosmic microwave background (CMB) temperature anisotropy, the CMB E-mode polarization,
galaxy clustering, and so on [1–4]. In the context of the cosmological perturbation theory, the perturbations can be
decomposed into the scalar, vector, and tensor modes. Current observations show good agreement with perturbations
of the first-order scalar mode. The vector and tensor modes are becoming the next observational targets.
The vector and tensor modes have been considered in many contexts. The standard model of inflation in the
early Universe, namely, the single-field slow-roll inflation, predicts the existence of primordial gravitational waves
(PGWs) that correspond to the tensor mode. The vector mode can be induced by cosmological magnetic fields
[5, 6], cosmological defects [7–9], or additional vector fields [10, 11]. However, the amplitude of the vector mode
generated in these models highly depends on their model parameters. When we expand cosmological perturbations
up to the second order, the nonlinear coupling of the first-order scalar modes naturally induces the second-order
vector and tensor modes [12–19]. Since the amplitude of the first-order scalar mode is precisely determined by recent
observations, the amplitudes of second-order vector and tensor modes can be predicted without introducing additional
model parameters. The second-order mode is one of the good observational targets since those modes always exist.
Furthermore, the detection of cosmological vector or tensor modes is important to test the validity of the scalar,
vector, and tensor decomposition.
Weak lensing is one of the tools that can be used to study the cosmological vector or tensor modes. CMB photons
are deflected by foreground perturbations such as density fluctuations, the gravitational wave background, or vector
perturbations. We can split the deflection pattern into the gradient (parity-even) and curl (parity-odd) modes [20–22].
The curl mode is induced only from the vector and tensor modes. Therefore, the curl mode is one of the good tracers
to explore the cosmological vector or tensor modes.
In our previous study [16], we discussed the detectability of the second-order curl mode in the CMB lensing and
cosmic shear. Unfortunately, because the signal from the second-order curl mode is small, we concluded that we could
not detect the second-order curl mode even with an ideal experiment for the full sky without the instrumental noise if
we utilize the quadratic estimator method. However, we found that the curl mode from the second-order vector mode
is comparable to that from PGWs with tensor-to-scalar ratio r < 0.1, especially so in lower redshifts because the
second-order vector mode is continuously generated, while PGWs always decay in time. In other words, when there
is an observation that enables us to detect PGWs with r < 0.1 through lensing, we can also detect the second-order
vector mode.
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2In previous studies [23–25], it was shown that the 21cm lensing has a possibility, in principle, to detect PGWs
with a quite small tensor-to-scalar ratio. Long before reionization begins, no astronomical objects exist, and this
era is called the dark ages. Neutral hydrogen atoms emit 21cm line radiation that originates from the hyperfine
structure; see, e.g., Ref. [26]. In principle, we can observe the 21cm radiation from the redshift z ≈ 200 to 30 in
future experiments. 21cm photons are deflected by the foreground scalar, vector, and tensor modes. Moreover, we
can decompose the deflection angle of the 21cm photons into the gradient and curl modes depending on the parity.
Compared with CMB fluctuations, 21cm radiation does not suffer from a diffusion mechanism such as Silk dumping
and the 21cm fluctuations on small scales remain until today. Consequently, the available information from 21cm
fluctuations is dramatically improved compared with that from CMB fluctuations. Furthermore, 21cm radiation is
emitted from each redshift and many maps are available. For the above reason, 21cm lensing reconstruction noise
would become quite small compared with CMB lensing reconstruction noise. Therefore, although second-order vector
and tensor signals tend to be small, there is a possibility to detect these second-order signals in 21cm lensing.
In this paper, we focus on the 21cm lensing curl mode induced from the second-order vector mode. Our aim is to
estimate the signal-to-noise ratio of the 21cm curl mode from the second-order vector mode in ideal experiments. In
standard cosmology, the first-order vector mode always decays and is neglected in linear theory. The detection of the
cosmological vector mode is quite important because it would become a proof of the cosmological perturbation theory
itself and the validity of the scalar, vector, and tensor decomposition.
This paper is organized as follows. This study is based on the physics of 21cm radiation, cosmological perturbation
theory expanded up to second order, and weak lensing. In Sec. II, we briefly review these physics and their mathe-
matical basics with appropriate references. To predict the 21cm radiation fluctuation, we need to solve the perturbed
Boltzmann equation for the 21cm photons. The Boltzmann equation for 21cm photons has the collision term with
neutral hydrogen atoms. We solve the Boltzmann equation for 21cm photons numerically. The second-order vector
mode is generated from the coupling of the first-order scalar potentials and is solved numerically in a straightforward
manner. To discuss the detectability, we derive the noise spectrum induced from the lensing reconstruction in a similar
way as in CMB lensing reconstruction. The advantage of 21cm lensing reconstruction is that one can coadd different
redshift slices. In Sec. III, we show our main results and give some discussions regarding the 21cm lensing signal and
detectability. Finally, we present our conclusions in Sec. IV.
II. PRELIMINARY
In this section, we quickly review 21cm physics [27], the second-order vector mode [16], and the weak lensing curl
mode [20]. Throughout this paper, our calculation is based on a flat ΛCDM model with the standard six cosmological
parameters constrained by Planck [4]. We work in the Poisson gauge as
ds2 = a2(η)
[
− (1 + 2Ψ)dη2 + 2σidηdx
i + (δij − 2Φδij + hij) dx
idxj
]
, (1)
where η is the conformal time. Moreover, due to the gauge condition, the metric perturbations for the (0, i) and (i, j)
components obey σi,i = χ
i
i = χ
ij
,i = 0. Note that we obey the rule that subscripts and superscripts of greek and
latin characters starting from i, j, · · · run from 0 to 3 and from 1 to 3, respectively.
A. 21cm radiation from the dark ages
Throughout this paper, we focus on the redshift z & 30 since we are interested in the weak lensing signals from
the dark ages. During the dark ages, we can ignore the effect of Lyα photons emitted from astronomical objects.
Neutral hydrogen atoms form after recombination (z ≈ 1100), and the effect of Lyα photons from stars dominates on
the evolution of neutral hydrogen atoms after z ≈ 30. However, during 200 . z . 1100, thermal coupling between
residual electrons and CMB photons brings the spin temperature of hydrogen atoms to the CMB temperature, and
therefore no 21cm signal comes from this period. Consequently, we can observe 21cm radiation during 30 . z . 200.
The Boltzmann equation for 21cm photons f21(η,x, ǫ, nˆ) can be written as
df21
dλ
= CH[f21] , (2)
where λ, ǫ, and nˆ are the affine parameter, the energy of 21cm photons, and the direction of 21cm photons, respectively.
CH[f21] is the collision term due to the 21cm interaction. The 21cm interaction includes the excitation due to the
absorption of photons, deexcitation due to the spontaneous emission, and deexcitation due to the stimulated emission.
A detailed expression of the collision term is given in Ref. [27].
3We can solve the Boltzmann equation (2) perturbatively, namely, f21(η,x, ǫ, nˆ) = f
(0)
21 (η, ǫ) + δf
(1)
21 (η,x, ǫ, nˆ). By
solving the background Universe, we obtain the zeroth-order solution as
δT
(0)
b =
(
1− e−τ
(0)
)[T (0)s − T (0)CMB
1 + z
]
, (3)
where τ , TCMB, and Ts are the optical depth of 21cm radiation, the CMB temperature, and the spin temperature,
respectively. The spin temperature is defined by the ratio of the number density in the upper states to the lower ones
as
n1
n0
=
g1
g0
exp
(
−
∆E10
kBTs
)
, (4)
where n1,0, g1,0, and ∆E10 are the number density for each state, the number of degenerate states for each state,
and the energy difference between the upper and lower states, respectively. In the case of the hyperfine structure of
neutral hydrogen atoms, g1 = 3, g0 = 1, and ∆E21 = hpν21cm, where ν21cm ≈ 1420MHz.
The perturbed distribution function of 21cm photons is expanded by spherical harmonics as
a21cmℓ,m (zǫ) =
∫
dΩY ∗ℓ,m(nˆ)δf
(1)
21 (ηO,xO, ǫ, nˆ) , (5)
where Yℓ,m(nˆ) is the spin-0 spherical harmonics and zǫ is the redshift at which the 21cm photon was emitted. The
subscript O stresses that the values are evaluated at the observer. By using the above coefficients, we can write down
the angular power spectrum of the brightness temperature fluctuation as〈
a21cmℓ1,m1(z1)a
21cm
ℓ2,m2(z2)
〉
≡ C21cmℓ1 (z1, z2)(−1)
m1δℓ1,ℓ2δm1,−m2 . (6)
To calculate the angular power spectrum of the brightness temperature fluctuation, we use the public code subroutine:
the CAMB sources [27]. The feature of the 21cm power spectrum C21cmℓ (z1, z2) is well discussed in [27], and it was
found that there is no dumping in the 21cm power spectrum like the Silk dumping in the CMB power spectrum.
For this reason, the available maximum multipole in the 21cm power spectrum can reach ℓmax ≈ 10
6 ∼ 107, which
corresponds to the Jeans scales. Compared with the CMB temperature power spectrum, the available mode increases
by 103 ∼ 104. Furthermore, by varying the observing frequency, we can take a number of redshift slices. These
advantages in using the 21cm power spectrum help us to decrease 21cm lensing reconstruction noise.
B. Second-order vector mode
In this subsection, we review the second-order vector mode induced from the first-order scalar modes following
Ref. [16]. In standard cosmology at the linear perturbation level, the vector mode decays as a−2. For this reason, the
vector mode is negligible in standard cosmology. However, when we expand cosmological perturbation theory up to
the second order, the second-order vector mode appears from the nonlinearity.
The nonlinearity also naturally induces not only the second-order vector but also the tensor mode. However, the
dominant second-order mode on the weak lensing signal is the vector mode rather than the tensor mode [16]. In the
study of N-body simulations [28–30], even when we treat the higher-order tensor mode nonperturbatively by using
N-body simulations, the amplification of the fully nonlinear effect is still negligible. Therefore, in this paper, we focus
not on the second-order tensor but on the vector mode. For the purpose of comparison, we show our results with the
weak lensing signal from PGWs parametrized by a tensor-to-scalar ratio r.
From here, we derive the evolution equation for the second-order vector mode. The vector metric perturbation σi
is decomposed into helicity state in the Fourier space as
σi(η,x) =
∫
d3k
(2π)3
∑
λ=±1
σλ(η,k)O
(λ)
i (kˆ)e
−ik·x , (7)
where O
(λ)
i (kˆ) is the polarization vector defined in Refs. [16, 31]. Note that because we work in standard cosmology
based on the Boltzmann equation with Compton scattering and the Einstein equation, the parity symmetry does
not break. Therefore, the different helicity state of the vector mode takes the same evolution and variance, i.e.,
〈σ+σ+〉 = 〈σ−σ−〉. The equation of motion for the second-order vector mode can be pulled from the second-order
Einstein equation as
σ˙
(2)
λ (η,k) + 2Hσ
(2)
λ (η,k) = S
(2)
λ (η,k) , (8)
4where a dot and H are the derivative with respect to the conformal time η and the conformal Hubble parameter,
respectively. The right-hand side of the above Eq. (8) is the source term induced from the coupling of the first-order
scalar mode. The specific form of the source term S
(2)
λ (η,k) is given in Ref. [16]. The dominant part of the source
term is the quadratic of the scalar potential, naively, S
(2)
λ ∼ Φ
(1)×Φ(1). To compute the weak lensing signal, we need
the dimensionless unequal-time power spectrum PV (k, η, η
′) for the vector mode defined as
〈σλ(η,k)σ
∗
λ′ (η
′,k′)〉 = (2π)3δλ,λ′δ
3
D(k − k
′)
2π2
k3
PV (k, η, η
′) . (9)
The evolution equation for the second-order vector mode can be solved numerically. Thus, we read the unequal-time
power spectrum as the 21cm lensing curl mode.
Note that the power spectrum of the PGWs has the analytic solution during the matter-dominated eta as
PPGWT (k, η, η
′) = r∆2R(k0)T
(PGW)
h (kη)T
(PGW)
h (kη
′) , (10)
where r is the tensor-to-scalar ratio which is constrained as r . 0.1. Also ∆2
R
(k0) ≈ 2.4× 10
−9 [2] is the spectrum of
the primordial curvature perturbation determined from cosmological observations. The transfer function for PGWs
T
(PGW)
h (x) can be written by using the spherical Bessel function jℓ(x) as T
(PGW)
h (x) = 3j1(x)/x. Note that although
this transfer function is the form during the matter-dominated era, the correction of the radiation to the spectrum
of PGWs is small. Therefore, we neglect its small contribution. Throughout this paper, we fix the spectral index for
the tensor mode to zero.
C. Weak lensing curl mode
In this subsection, we summarize the weak lensing curl mode and the lensing reconstruction [20]. The curl mode
is induced not from the scalar mode but from the vector and tensor modes. The projected deflection angle on the
celestial sphere ∆a(nˆ) is decomposed into the scalar and pseudoscalar potentials by using the parity as [20]
∆a(nˆ) = φ(nˆ):a +̟(nˆ):bǫ
b
a , (11)
where we denote the scalar and pseudoscalar potentials as φ and ̟, respectively. The scalar and pseudoscalar
potentials correspond to the weak lensing gradient and curl modes, respectively. ǫba is the covariant two-dimensional
Levi-Civita` tensor and a colon is the covariant derivative on the unit sphere. Note that latin characters started from
a, b, · · · in the above equation denote θ and φ. From here, we drop the gradient mode since we are interested in the
curl mode only.
By solving the perturbed geodesic equation in the Poisson gauge, we derive the solution of the projected deflection
angle. The solution can be written in terms of the metric perturbations as
̟:a:a = −
∫ χS
0
dχ
χS − χ
χχS
[
d
dχ
(
χΩa:bǫ
b
a
)]
, (12)
where χS is the comoving distance to the source. In the case of CMB lensing, the comoving distance to the source
corresponds to the last scattering surface. On the other hand, in the case of 21cm lensing, there are many source
redshifts depending on the observing frequency. Ωa consists of the vector and tensor metric perturbations as
Ωa =
(
−σi + hije
j
χ
)
eia , (13)
where eiχ and e
i
a are the orthogonal spacelike basis along the light ray.
We expand the pseudoscalar potential by the spherical harmonics as
̟(nˆ) =
∑
ℓ,m
̟ℓ,mYℓ,m(nˆ) . (14)
Moreover, by using the above multipole coefficients, the angular power spectrum of the curl mode is defined as
C̟̟ℓ =
1
2ℓ+ 1
ℓ∑
m=−ℓ
〈
̟ℓ,m̟
∗
ℓ,m
〉
. (15)
5The angular power spectra for the vector (X = V ) and tensor (X = T ) modes are related to the unequal-time power
spectra of the vector and tensor metric perturbations as
C
(X)̟̟
ℓ = 4π
∫ ∞
0
dk
k
∫ χS
0
kdχ
∫ χS
0
kdχ′S
(X)
̟,ℓ (kχ)S
(X)
̟,ℓ (kχ
′)PX(k, η0 − χ, η0 − χ
′) , (16)
where S
(X)
̟,ℓ (kχ) is the weight function defined as
S
(V )
̟,ℓ (x) =
√
(ℓ − 1)!
(ℓ + 1)!
jℓ(x)
x
, (17)
S
(T )
̟,ℓ(x) =
1
2
(ℓ− 1)!
(ℓ+ 1)!
√
(ℓ+ 2)!
(ℓ− 2)!
jℓ(x)
x2
. (18)
The unequal-time power spectra for the vector and tensor modes are defined in Eqs. (9) and (10).
Next, we review the 21cm lensing reconstruction for the curl mode following Ref. [23]. Because of the difference in
parity between the scalar and pseudoscalar potentials [see Eq. (11)], we can reconstruct the gradient and curl modes
separately from the maps. Throughout this paper, we assume that the detectability of the curl mode is based on the
quadratic estimator as was used by the Planck collaboration. The accuracy of the quadratic estimator is limited by
the cosmic variance of the lensed CMB maps. In our study, by the term “the ideal experiment” we mean that the
reconstruction noise is due to the quadratic estimator without the instrumental noise.
First, as well as the CMB lensing reconstruction technique, we can reconstruct the curl mode from a single redshift
slice. In this case, the reconstruction noise is given as [20, 23]
N̟̟ℓ ≡
〈∣∣n̟ℓ,m∣∣2〉
=

 1
2ℓ+ 1
ℓmax∑
L1,L2=2
f̟ℓ,L1,L2g
̟
ℓ,L1,L2


−1
, (19)
where f̟ℓ,L1,L2 and g
̟
ℓ,L1,L2
can be expressed as follows:
f̟ℓ,L1,L2 = 0S
̟
L1,ℓ,L2CL2 − 0S
̟
L2,ℓ,L1CL1 , (20)
0S
̟
L,ℓ,ℓ′ = (−i)
√
(2L+ 1)(2ℓ+ 1)(2ℓ′ + 1)
16π
√
ℓ(ℓ+ 1)
√
ℓ′(ℓ′ + 1)
[(
L ℓ ℓ′
0 −1 1
)
−
(
L ℓ ℓ′
0 1 −1
)]
, (21)
g̟ℓ,L1,L2 =
(
f̟ℓ,L1,L2
)∗
2C˜LC˜L2
, (22)
where Cℓ and C˜ℓ are the unlensed and lensed 21cm angular power spectra, respectively. Note that due to the property
of the Wigner-3j symbol, 0S
̟
L,ℓ,ℓ′ = 0, when L + ℓ + ℓ
′ = even. To discuss the detectability of the 21cm lensing curl
mode, we introduce the signal-to-noise ratio as
(
S
N
)̟̟
<ℓ
=
[
ℓ∑
ℓ′=2
(
C̟̟ℓ′
∆C̟̟ℓ′
)2]1/2
, (23)
where we define the error as
∆C̟̟ℓ ≡
√
2
2ℓ+ 1
(C̟̟ℓ +N
̟̟
ℓ ) . (24)
Note that we assume an ideal experiment where the sky coverage fraction fsky is unity. The 21cm angular power
spectrum can extend up to the multipole moments ℓ ≈ 106 ∼ 107 since there is no diffusion mechanism after the
recombination era. Therefore, even if we use a single redshift slice to reconstruct the 21cm curl mode, the noise
spectrum from the 21cm angular power spectrum becomes smaller than that from the CMB angular power spectrum.
Moreover, we can further reduce the noise by coadding many redshift slices. Following Ref. [23], the number of the
statistically independent redshift shells can be estimated as below. The comoving distance between the neighboring
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FIG. 1: The angular power spectra of the curl mode induced by PGWs with r = 0.1 (left) and the second-order vector mode
(right) for redshifts from z = 200 to 0.6 as indicated in the figures. The curl mode from PGWs is substantially suppressed on
small scales compared with that from the second-order vector mode.
statistically independent maps δR is roughly related to the highest multipole moment ℓmax used in the lensing
reconstruction as δR ≈ Rℓ−1max, where R is the comoving distance corresponding to the source redshift. Therefore,
the total number of available maps can be estimated as ∆R/δR ≈ 0.15ℓmax, where ∆R is the comoving distance
between zmin and zmax. Therefore if the lensing signal is mostly contributed from z . 30, the noise spectrum is
drastically reduced by the factor of 0.15ℓmax. In this paper, we call this reduced noise power spectrum the coadded
noise spectrum. In the following section, we present our main results and discussions.
III. RESULTS AND DISCUSSIONS
In Fig. 1, we show the angular power spectra of the curl mode induced from PGWs with r = 0.1 and the second-
order vector mode. We can see that the lensing signal from PGWs is suppressed as the redshift decreases. On the
other hand, the curl mode from the second-order vector mode remains almost constant. We find that the redshift
dependence of the second-order vector mode is similar to that of the gradient mode from the first-order scalar potential
[32]. This is because the second-order vector mode is also sourced from the first-order scalar potential. Therefore
the amplitude of the second-order vector mode can have a greater amplitude than the curl mode from PGWs. The
amplitude of the curl mode from the second-order vector mode is greater than that from PGWs with r = 0.1 on
smaller scales, such as ℓ & 20. Furthermore, when the tensor-to-scalar ratio is quite small, e.g., r . 10−5, the curl
mode from the second-order vector mode dominates over almost all scales. From this fact, we can conclude that
even if we consider ideal observations, it would be difficult to hunt the tensor-to-scalar ratio r . 10−5 by using 21cm
lensing.
In Fig. 2, we depict the signal-to-noise ratio for two different values of ℓmax = 10
5 and 106, which is our main result
in this paper. For reference, we also show the signal-to-noise ratio for the case of PGWs with r = 10−5. PGWs with
r = 10−5 have almost the same amplitude of the curl mode from the second-order vector mode at ℓ = 2. In the case
of ℓmax = 10
5, the signal-to-noise ratio reaches S/N ≈ 0.11 for the PGWs and S/N ≈ 0.46 for the second-order vector
mode and it would be difficult to detect the second-order vector mode and PGWs with r = 10−5. On the other hand,
in the case of ℓmax = 10
6, we obtain S/N ≈ 4.5 for the PGWs and S/N ≈ 73 for the second-order vector mode.
The above signal-to-noise ratio is derived by adopting the reconstruction noise spectrum from the quadratic estima-
tor performed in Refs. [20, 33]. Reconstruction noise from the quadratic estimator is limited by the cosmic variance of
the lensed CMB fluctuations. Ultimately, the iterative estimator proposed in Ref. [34] can reduce the reconstruction
noise to zero. Even in that case, the fact that the curl mode from PGW with r . 10−5 is concealed by that from the
second-order vector mode does not change.
The signal-to-noise ratio of the second-order vector mode can reach higher than that of PGWs. PGWs do not
induce the curl mode amplitude on smaller scales since PGWs decay on subhorizon scales. On the other hand, the
second-order curl mode can remain large on smaller scales and at low redshift since the second-order vector mode
is continuously sourced by the first-order scalar gravitational potential. The second-order vector mode grows on
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FIG. 2: The angular power spectrum of the curl mode from the second-order vector mode and the coadded reconstruction
noise by using ℓmax = 10
5 (top left) and ℓmax = 10
6 (top right). Bottom: The signal-to-noise ratio estimated by Eq. (23). For
reference, we also show the curl mode signal and signal-to-noise ratio induced by PGWs with r = 10−5 and which tensor-to-
scalar ratio corresponds to the same amplitude of the second-order curl mode at ℓ = 2.
subhorizon scales. From this nature, the second-order vector mode may be easier to detect than PGWs on small
scales.
There is another source of the curl mode, that is, the lens-lens coupling examined in Refs. [35–37]. The lens-lens
coupling is sourced by the higher-order Born correction. However, this correction mainly contributes the curl mode on
small scales such as ℓ≫ 10. The curl mode on large scales is important to distinguish the PGWs and the second-order
vector mode since the PGWs and the second-order vector mode affect the curl mode on large scales, that is, ℓ . 10.
When we consider the curl mode on all scales, the lens-lens coupling and the second-order vector mode should be
taken into account.
To close this section, we describe a feature of the second-order vector mode. The second-order vector mode does
not have the free parameter since its source, that is, the first-order scalar mode, is well determined by the current
cosmological observations. Therefore, the prediction of the 21cm lensing curl mode from the second-order vector mode
is quite robust.
IV. SUMMARY
In this paper, we studied the detectability of the second-order vector mode by using 21cm radiation from the dark
ages. 21cm radiation during the dark ages is a powerful tool to explore small signals such as second-order signatures
since 21cm radiation anisotropy on small scales makes multipole moments available up to ∼ 106. Furthermore, by
multifrequency observations, we can use many redshift slices to decrease the lensing reconstruction noise. We focused
on the weak lensing signal of the 21cm radiation from the dark ages. As well as the CMB lensing, the 21cm photons are
deflected by the foreground scalar, vector, and tensor perturbations. The deflection angle of the 21cm photons can be
decomposed into the scalar (gradient mode) and pseudoscalar (curl mode) potentials depending on its parity. The curl
mode is a good tracer of the cosmological vector and tensor modes since the scalar mode induces only the gradient
mode. It is known that the second-order tensor mode is the subdominant component in the large-scale structure
signal such as weak lensing. On the other hand, the second-order vector mode can have a comparable contribution
on large-scale structure to primordial gravitational waves. Accordingly, the observation that can detect PGWs with
small tensor-to-scalar ratio can also be used to detect the second-order vector mode with high signal-to-noise ratio.
We discussed the detectability of the 21cm lensing curl mode induced from the second-order vector mode for the
8first time. If the available multipole is limited to ℓ . 105, the 21cm lensing curl mode from the second-order vector
mode cannot be detected. If we can extend the maximum multipole up to ℓmax ≈ 10
6, the signal-to-noise ratio reaches
73. We conclude that, in principle, we can explore the second-order vector mode by using 21cm radiation from the
dark ages. By comparing PGWs, it was also found that the PGWs with a tensor-to-scalar ratio r ≈ 10−5 become
subdominant in the 21cm lensing curl mode. In the previous study [23], they concluded that it is possible to detect
the PGWs with r ≈ 10−9. However, when second-order effects are included in their analysis, a tensor-to-scalar ratio
smaller than r . 10−5 would be difficult to detect by the 21cm lensing curl mode. We can generalize this discussion for
any model, including the vector or tensor modes with model parameters. The second-order vector mode is generated
from the first-order scalar mode that has been well determined by current observations. Therefore, the 21cm curl
mode from the second-order vector mode always exists. Even if 21cm lensing is induced by other models, an amplitude
smaller than the second-order vector mode is difficult to detect with 21cm lensing.
Throughout this paper, we assumed the ideal and challenging experiment for 21cm signals. There are some forth-
coming observations for 21cm signals after recombination, e.g., from the Square Kilometer Array. Moreover, exploring
21cm radiation must become an active topic in the near future. Before starting these observations, exploring the po-
tentials of 21cm radiation is important and this work gives one of the nontrivial solutions.
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